Two Kinds of Congruence Networks on Regular

Semigroups

Ying-Ying Feng

! Foshan University, Guangdong, P. R. China
2 University of York, York, UK

York Semigroup, York, Apr 20, 2016
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Terminology

a €S is regular
— (Ixe S)axa=a
@ regular semigroups

— all elements are regular
@ inverse semigroup

— a regular semigroup whose idempotents commute
@ congruence

— compatible equivalence relation, i.e.

(Vs,t,s',t' € S) [(s,t) € pand (s',t') € p] = (ss', tt') € p
@ P-type congruence

— S/p is a P-type semigroup



Congruence

@ kernel-trace approach

Let p be a congruence on S,

trp = ple(s), Kerp={xe€ S|(Jec E(S))xpe}.

@ inverse semigroup

1974, Scheiblich  p = p(ir p.Ker )

1978, Petrich congruence pair



Congruence pair [1078, Petrich]

Definition

The pair (K, 7) is a congruence pair for S if K is a normal
subsemigroup of S, 7 is a normal congruence on E(S), and these two
satisfy:

(ae€ K, eTala=acK (acS,ec E(S));

(i) k € K = kk=1 1 k~Lk.

In such a case, define a relation p(x ;) on S by

apk.) b — alarblbab7! e K.

Let S be an inverse semigroup. If (K, T) is a congruence pair for S,
then p(k -y Is the unique congruence p on S for which Ker p = K and
trp = 7. Conversely, if p is a congruence on S, then (Ker p,trp) is a
congruence pair for S and p(k ) = p.




Characterization of congruences

Inverse semigroup Regular semigroup
1974, Scheiblich P = P(tr p,Ker p) 1979, Feigenbaum

1978, Petrich congruence pair 1986, Pastijn — Petrich



Congruence pair [1986, Pastijn — Petrich |

Definition

A pair (K, T) is a congruence pair for S if
(i) K is a normal subset of S,
(ii) 7 is a normal equivalence on E(S),
(iii) K C Ker (LTLTL NRTRTR)’,
(iv) 7 C trmg.
In such a case, we define
P(k,r) =Tk N(LTLTLN RTRTR).

| A

Theorem

Let S be a regular semigroup. If (K, T) is a congruence pair for S,
then p(k ) is the unique congruence p on S for which Ker p = K and
trp = 7. Conversely, if p is a congruence on S, then (Ker p,trp) is a

congruence pair for S and p = p(k 7)-




Congruence triple [1986, Pastijn — Petrich |

Definition

A triple (v, K, 0) consisting of normal equivalences v € £(S/L) and
9 € £(S/R) and a normal subset K C S, is a congruence triple if
N7=FNS’ VL d=FNJI VR,
(i) K C Kerﬁ", 5 C 9?( vV L;
(iii) K C Kerd', 5 C 63V R.
If this is the case, we define

Piyk5) = (TN Ok N3

| A

Theorem

Let S be a regular semigroup. If (v, K, d) is a congruence triple for S,
then p(, k. s) is the unique congruence p on S such that v is the
L-part of p, K = Ker p and § is the R-part of p. Conversely, if p is a
congruence on S, then (v,K,0) = ((pV L)/L,Kerp,(pVR)/R) is a
congruence triple for S and p = p(y k 5)-

A\




Congruence

@ kernel-trace approach
Let p be a congruence on S,
trp = plg(s)s Kerp={xe€ S|(Jec E(S))xpe}.

P = P(tr p,Ker p)-

e T, K-relation
Let p,0 € C(S),
pTO < trp=trb, pK6O < Kerp= Kerb,
pUO — pN<=0nN<, pVO <— pUBO and pK0,

where < is the natural partial order on E(S).

° TﬂK:EC(s)ZTﬂV



VT—Congruence tr|p|e [2011, Wang — Yang]

Definition

A triple (v, m,d) consisting of normal equivalences v € £(S/L) and
d € £(S/R) and a V-normal congruence 7 on S, is a VT -congruence triple if
)7=FNS° VL d=FNI) VR;
(iyrCF),7CrTVL
(iiy 7 (@), 5CrVR.
If this is the case, we define
Plyms) = (TN TN0E).

Theorem

| \

Let S be a regular semigroup. If (v, m,0) is a VT -congruence triple for S,
then p(y.x.s) is the unique congruence p on S such that «y is the L-part of p,
m is the V-part of p and § is the R-part of p. Conversely, if p is a
congruence on S, then (v, m,8) = ((p V E)/,C,mb, (pVR)/R) is a
congruence triple for S and p = p(

v,7,6)




Congruence [1986, 1988, Pastijn — Petrich]

0 pT 6l < trp=trb, pKO <— Kerp=Kerb,
pUO <— pN<=6N<, V=Uunk.

Result
For any p € C(S), pT = [pt, pT], pK = [pk, pK], pUU = [pu, pU],

pV = [pv, pV], where

—D
pt=(trp)',  pT=Hs),
pk = {(x, x2) €S x 5’X € Kerp}ﬁ, pK = ebKerp'

—b
pu=(pN <), pU=%,,

—b
pv=puVpk, pV=pUNpK="7s,.




Congruence

o kernel-trace approach

o 7T, K-relation
e congruence networks

e single out various classes of semigroups of particular interest

@ structure



Congruence network

(pt)k  (pk)t

T K-network of p

(pk)t (pt)k

T K-min network of p




Congruence network

(pt)k  (pk)t

T K-network of p

TNY=c¢

(k)T (pT)V

pt pv
(pt)v  (pv)t

TV-network of p



Inverse semigroup

w

wt=o0 n = wk
group semilattice
ocnNn=vvVm

E-unitary Clifford

nt=v T = ok

Clifford E-unitary
A =vk
E-reflexive

T K min-network of w
[1982, Petrich — Reilly]

Regular semigroup

w

wt=0 B=w
SICER band
ocnNB=ptvn

E-unitary cryptogroup

Bt
cryptogroup

T = wk
E-unitary

TK min-network of w
[1988, Alimpi¢ — Krgovi¢]



T K-network on inverse semigroup

w
wt=o0 n=wk
group semilattice
nt=v T =0k
Clifford E-unitary — E(S)w is a semilattice
vNT=CVA

/ E-reflexive Ew-Clifford
Tt=( A= vk

E(S)w is a Clifford semigroup — Ew-Clifford E-reflexive

X = Ck = (mt)k
Ew-E-reflexive — E(S)w is E-reflexive

TK min-network of w



Ew-Clifford semigroup and Ew-E-reflexive semigroup

The following conditions on an inverse
semigroup S are equivalent.

(8
(9) eo is a Clifford semigroup for
every e € E(S),;

(10) S satisfies the implication
xy=x=y€ES)C

(11) E(S)w € E(S)¢;

(I2) TNF=e.

Tt =¢;

Theorem

The following conditions on an inverse
semigroup S are equivalent.
(1) S is Ew-E-reflexive;

(10) S satisfies the implication
xy=x,xmy =y € E(S);
(1) ¢NnL=e.




Ew-Clifford congruence and Ew-E-reflexive congruence

The following statements
concerning a congruence p on an

inverse semigroup S are equivalent.

(1) p is an Ew-Clifford congruence;

(2) m, C pT, where 7, is the least
E-unitary congruence on S
containing p;

(3) trm, = trp.

The following statements
concerning a congruence p on an
inverse semigroup S are equivalent.
(1) p is Ew-E-reflexive;

(2) ¢p C pK, where (, is the least
Ew-Clifford congruence on S
containing p;

(3) Ker ¢, = Ker p.




COinCidenceS Petrich, Inverse Semigroups, Table III.

w o n v T A ¢ X i ir
o Ew =
S
n no c. Ew =
pr. S, noc.
ideals pr. ide-
als
v o = no c. Epw =
n = | pr A (¥ n-
w ideals c. A)
s (o8 =
n = trm = Ew =
" w S
A o = Epw =
n o= | YT =1 AV
w = cl. A)
¢ o = Epw =
n = trm = A (V n-
w © cl. A)
X o = Epw =
n = trm = A (V n-
w © cl. A)
1 Ew =
group trivial Clifford semil. EC¢
T Ew-
semil. E-un. trivial E-refl. E-un. E-refl. E-_refl. E-disj. E-disj.
trm = E-disj. e = G = Ew-E- antig.
trm tr A G refl.
€ . . . Ew- Ew-E- . =
trivial group semil. Clifford E-un. E-refl. Clifford Gl antig. E-disj.

Fill Refine Add



w

wt=o0 n=wk

group semilattice
nt=v T =ok
semilattice of groups — Clifford E-unitary
mt=_ A=vk
Ew-Clifford E-reflexive — semilattice of E-unitary
inverse semigroups
At X = Ck = (mt)k
semilattice of Ew-Clifford semigroups Ew-E-reflexive
— Ker v-Clifford
: (At)k
semilattice of Ew-E-reflexive semigroups

— Ker v-E-reflexi
TK min-network of w erv-Errefiexive



T K-network on inverse semigroup

ag=w=fo

Br=n

(01 B
An+1 Bri1
Qnt2 Bri2
Ker a,-Clifford
g ﬁn+3
Ker a - E-reflexive

TK min-network of w



T V-network of w

pKO <= Kerp=Kerb
pUO ~—= pN<=0N<

vV=unk
Inverse semigroup V=c¢
w
wt=o
group

T V-network of w



T V-network of w

Inverse semigroup  w

Regular semigroup

w wt=o0 wk =17
group semilattice
wt =0 0 =wv nt=v
group rectangular band Clifford
[ 1986 ] [1988 ] — semilattice of groups
Regular semigroup — w
- wfs =
5t ov wt=o0 w 153
] group band
completely simple rectangular group
— rectangular band of groups [ 1995 Wane]
[ 1995, Wang, Q-inverse transversal |
Bt

band of groups — cryptogroup



T V-network of w

Regular semigroup

w

wt=o0

group
[ 1986

ot
completely simple

— rectangular band of groups
[ 1995, Wang, Q-inverse transversal |

0 =wv wt=o0 §=wv
rectangular band group rectangular band
[ 1988 ]

oNd=ov

rectangular group
ov (6t)v = ot
rectangular group  completely simple
[ 1995, Wang |

TV-min network of w



T V-network of w

(S)V)T = (6t)V V' §

wt=o0 0 =wv wt=o0 0 =wv

group rectangular band group rectangular band

ocNd=ov
rectangular group

no=
7 v (61)V)t = (68)V,
rectangular group

ot ot
completely simple completely simple

TV-min network of w T V-network of w



T V-network of e

Theorem

For a congruence p on a regular semigroup S.

(1) pt is over bands <= pt = pNT => p is over E-unitary
semigroups;

(2) pt is over rectangular bands <= pt = pNeV = p is over
rectangular groups;

(3) pv is over groups <= pv = p N u = p is over completely
simple semigroups;

(4) pk is over groups <= pk = pN = p is over cryptogroups.

Corollary

On a regular semigroup S, the following statements hold.
(1) 7T is over E-unitary semigroups;

(2) (eV)T is over rectangular groups;

(3) nV is over completely simple semigroups;

(4) nK is over cryptogroups.




T V-network of e

Cryptogroup
uV =cU uV =cU
(uV)t
(V)T =cV Vv (V)T =cV Vv
eV p=p eV =73
((uV)t)v = (uV)t N p
ft=c¢ Bt=c¢

TV-max network of ¢ T V-network of ¢



T V-network of 7

7 semilattice

nt=v B =nv
Clifford band
vNB=ptVr
orthocryptogroup
Bt vv
cryptogroup orthogroup

TV-min network of n



V-classes of special congruences [1995, Wang]

pV inverse [ Clifford, group, semilattice ]

p

PV orthodox [ orthogroup, rectangular group, band |

@ orthogroup

orthodox completely regular semigroup
@ rectangular group
orthodox completely simple semigroup;

equivalently, a direct product of a rectangular band and a group



V-classes of special congruences

[1995, Wang]

S orthodox | orthogroup | rectangular band
group
<~ 8\/:"}/ TV =v eV =0 5\/:77
< Vpel(S) | pV=pVy | pV=pVv | pV =pVo | pV =pVn
<~ pVis inverse Clifford group semilattice
<= S is coex- | inverse Clifford group
tension of semigroup | semigroup | by rect-
by rect- | by rect- | angular
angular angular bands
bands bands




U-classes of special congruences [1995, Wang]

pV inverse [ Clifford, group, semilattice ]

p

PV orthodox [ orthogroup, rectangular group, band |

pU inverse [ Clifford, group ]

> p

pu  E-solid [ CCS, CGS ]



U-classes of special congruences [1995, Wang]

S | E-solid CCS CGS | completely regular

<= ° | inverse | Clifford | group semilattice
<= pU | inverse | Clifford | group semilattice
@ E-solid
Rleo Ll =L|eoRe
@ CCS

coextensions of Clifford semigroups by completely simple semigroups

@ CGS

coextensions of groups by completely simple semigroups



Congruence

o kernel-trace approach
o T, K-relation
e congruence networks

@ operator semigroup



Operator semigroup

Four operators:
T A= AT, t: A= Xt, K: A= AK, k: A~ Ak

r={T,t,K, k}

o T K-network
o, pT, pt, pK, pk, pTK, pTk, ---
e '™, TK-operator semigroup [1992, Petrich]

e relation & — valid in all networks of congruences

° I-’"/):ﬁ



T IKC-operator semigroup for Clifford semigroups

wt =0

eK=r

T K-network of w



T IKC-operator semigroup for Clifford semigroups [1992, Petrich]

Lemma

Operators I satisfy the following relations ¥
(1) K? = kK = K, k? = Kk = k,

t?=Tt=t, T2=tT=T,
(2) KTK = TKT = TK,  tkt = ktk = kt;
(3) tKt = tK;

(4) kT = Tk.




T IKC-operator semigroup for Clifford semigroups [1992, Petrich]

Denote
€ = kt, T = ktK, TV = ktKT, n=kT,
w= TK, o = TKt, onNn= TKtk.

Let

A={e,o,n 1,0Nn, TVn w}.

Let S be a Clifford semigroup. The set
Q={K, KT, Kt, KtK, Ktk, KtKT, Kk,
t, tk, tK, tKT, TIUuA
is a system of representatives for the congruence on '™ generated by
the relations X.

The T K-operator semigroup for Clifford semigroups is [T /X"




other T K-operator semigroups

@ completely simple semigroup [1994, Petrich]|

@ cryptogroup [2000, Wang]

@ bisimple w-semigroup [2000, Wang]

@ E-unitary completely regular semigroup [2001, Luo — Wang]
@ free monogenic inverse semigroup [2014, Long — Wang]



congruence

P = P(tr p,Ker p)

T KU,V

pT O < trp=trb,
pKO < Kerp=Kerb,
pUO —= pN<=0N<,
V=Unk.

congruence network

operator semigroup
/%% where I = {T,t, K, k}.

Ew-Clifford

Review

wt=o0 n = wk

group semilattice

nt=v T =0k
Clifford E-unitary
vNT=CVA

E-reflexive Ew-Clifford

mt=( A=vk

E-reflexive

X = Ck = (rt)k
Ew-E-reflexive

T K-min network of w
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